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Introduction
It is well known that the webgraph, which represents the link structure of the Web, is one of typical examples of the so-called 'scale-free networks'. There have been a great number of research into a direction of scale-freeness, e.g., investigating the scale-free properties of real world networks, constructing network models to explain these phenomena, and so on. For another direction, by regarding the Web as a huge database, it is extremely important not only to obtain primary information but to find hidden information that cannot be found by naive retrievals. It is often called 'web mining', and web structure mining aims to find hidden communities that share common interests in specified topics on the Web, and so on, [Flake et al. 00, Kleinberg 97, Kumar et al. 99] , by focusing on the webgraph. On the other hand, we also need to notice that there exist a lot of artificial harmful links, called link spams, for deceiving search engines, and it has also become quite significant to detect and remove those spams from the viewpoint of both structure mining and the efficiency of search engines [Uno et al. 07, Wu et al. 05 ].
On this model, a set of web pages of a community or its core is usually supposed to constitute a dense subgraph or a frequent inherent substructure in the webgraph, and web structure mining is actually realized by extracting such structures from the webgraph. As for significant substructures as communities, Kleinberg's hub-authority biclique model [Kleinberg 97 ] is well known and attractive. Some studies for this approach have tried to enumerate (a subset of) bicliques from the webgraph and are successful for mining communities (or their cores) [Kleinberg et al. 99, Kumar et al. 99, Laura et al. 03] . However, since there exist potentially enormous number of bicliques, it has become quite hard to carry out an exhaustive enumeration and to have effective outcome in the recent Web [Uno et al. 07] . Another is a max-flow (or min-cut) approach that finds small cuts separating a specific set of seed pages [Flake et al. 00] . However, this also has a drawback in the sense that we need to specify seed pages in advance. On the other hand, a substructure called isolated clique [Ito et al. 05] , which has an efficient way for enumeration, can find candidates of communities from the entire Web [Uno et al. 07 ].
In the light of these preceding research, our contributions of this paper are summarized as follows: (i) identify a typical frequent substructure in the real webgraph, (ii) (although it is well observed so far) give a formal and a precise definition of those structures as 'isolated stars' so that they become easy to be enumerated, (iii) design an efficient algorithm for enumerating isolated stars that runs in (input) linear time, and (iv) exhaustively enumerate isolated stars from real web data, give semantic analyses, and observed their statistics. This paper is organized as follows: Chapter 2 introduces the notion of the webgraph and explains the web data for our experiments. In Chapter 3, we define isolated stars as a frequent substructure in the webgraph, and give an algorithm for their enumeration. In Chapter 4, we investigate the Web structure by enumerating isolated stars from real web data and give observations. Chapter 5 concludes the paper.
The Webgraph and the Web Data
The webgraph is a directed graph whose nodes and arcs are (web) pages and (hyper)links among pages, respectively [Broder et al. 00] . One of the most important properties of the webgraph is its scale-freeness, which implies that the degree distribution of nodes shows the power-law. Here, the power-law distribution is the one in which the probability that an stochastic variable X (degree of nodes, in this case) equals k is denoted by Pr(X = k) ∝ 1/k γ (γ ≥ 1), and the index γ is called its scaling exponent.
For our experiments, we prepare a webgraph from the data collected by (The Stanford) WebBase Project [WebBase], which is widely used for various kinds of web experiments. Here, since the graph constructed from the original web data is not necessarily simple, we apply two preprocesses: 1. remove loops (links from a page to the same page), and 2. identify multiple arcs with a single arc (links with the same origin/destination). Hereafter, we call the webgraph constructed in this way 'the' webgraph. Table 1 shows the information of the acquired web data and the webgraph.
We use the term domain as a set of pages that forms a physical partition of the Web with the same string *** in the standard URL notation http://***/, while we consider that a site forms a semantic partition of the Web. We call the webgraph induced by all the nodes in a single domain the webgraph of the domain. In this paper, since iso- lated stars will be defined on undirected graphs, we need to regard the webgraph as an undirected graph. There may be two simple alternatives to do it; (a) regard every arc as an undirected edge, or (b) regard bi-directional arcs as a single edge. From a viewpoint that mutual links can have significant information on the Web, in this paper, we introduce a webgraph that consists only of mutual links as single undirected edges by discarding all the one-way links. We refer to this webgraph as the undirected webgraph.
From the webgraph constructed in this way, we can observe several interesting facts; Figure 1 shows the degree distribution of the webgraph by the data in Table 1 (in log-log scale), and we can recognize that both in-and out-degree distributions show scale-freeness with different scaling exponent; the number of links is approximately 20 times of that of pages, which differs from a past observation [Kleinberg et al. 99] , and the webgraph becomes dense; more than 1/3 of links in the original graph also have links of the reverse direction (i.e., mutual links) and that more than 99% of mutual links exist in single domains. From these, mutual links between different domains and the structures that contain those links can be expected to have significant information from the viewpoint of structure mining.
By observing a part of the 'undirected' webgraph (Figure 2) , we notice the existence of some specific substructures. One is a clique-like structure, defined as a clique or an isolated clique to facilitate their enumeration [Ito et al. 05] , and they can find useful information on the Web [Uno et al. 07] . Another is a star-like structure, a set of nodes emanating from one central node. Although this structure is not necessarily dense, since it appears so frequently as well observed in the past research, we here give a formal definition to this structure and investigate the structure of the Web from both mining and (scale-free) network points of view. Here, notice that most of these star-like structures can appear after when we make the webgraph undirected according to our definition.
Isolated Stars
In this chapter, to capture star-like substructures that can be observed frequently in the real webgraph, we first give the notion of stars. There may be several possible variants that define this kind of star-like structures, of course, we especially give a definition as isolated stars in conjunction with the preceding notion of isolated cliques [Ito et al. 05] . We give some properties of isolated stars, and then present a naive but efficient enumeration algorithm.
· 1 Definition of Isolated Stars
A star graph is a bipartite graph K 1,|R| with its partite sets {c} and R ( ∅) ({c} ∩ R = ∅). We call a node c a center node and a node v ∈ R a satellite node of a star.
For an undirected graph G = (V, E) and a subset S ⊆ V, if a subgraph G[S ] induced by S is a star graph, we call S a star. We sometimes denote a star S = {c} ∪ R by S c,R , and the size of a star S c,R is |R| + 1. A proper star is a star S = S c,R that satisfies deg(v) = 1, ∀v ∈ R (leaf constraint). A proper star S is maximal if there is no proper star S such that
According to this definition of i-stars, we can easily show the following property:
Proof. Suppose c i = c j . Then S i ∪ S j would become a proper star S c i ,R i ∪R j , which contradicts the maximality for S i and S j as proper stars. Therefore, c i c j . Next, suppose there exists a node v ∈ R i ∩ R j . However, since two center nodes c i and c j that are adjacent to v do not coincide, it holds that deg(v) 1 and this contradicts the 'leaf constraint', i.e., deg(v) = 1 for any v ∈ R of S c,R . Now if c i ∈ R j , then deg(c i ) = 1 must be satisfied. Therefore, the unique neighbor of c i must be c j , and together with that deg(c i ) = 1, it holds that R i = {c j }. By the symmetry, we can also say R j = {c i }.
This implies that more than one i-star can not share their nodes except for a very restricted case, and it makes their enumeration to be easy. This is also convenient and pertinent in the sense that i-stars can stand for disjoint communities or their cores on the Web.
· 2 Properties of Isolated Stars and Isolated Cliques
An isolated clique (i-clique) of an undirected graph G = (V, E) is defined as a set of vertices C (⊆ V) that forms a clique satisfying |E(C, V − C)| < |C|, and a linear time algorithm for their enumeration has been proposed [Ito et al. 05] .
As for the disjointness between an i-star and an i-clique, we can show the following fact: Proposition 2. For an i-star S = S c,R and an i-clique C,
Proof. (i) Suppose there exists a node v ∈ R ∩ C. By definition of isolated stars (or 'leaf constraint' of proper stars), it must hold that deg(v) = 1. However, |C| ≥ 3 implies that deg(v) ≥ 2, a contradiction. Therefore, R ∩ C = ∅. Now assume that c ∈ C. By the isolatedness of C and S , both |R| ≤ |E(C, V − C)| < |C| and |C| − 1 ≤ |E(S , V − S )| < |R| must hold. According to these two inequalities, we have |C| − 1 < |R| < |C|. However, there are no integers |R| and |C| that can satisfy these inequalities simultaneously, which leads a contradiction. Therefore, S ∩ C = ∅.
(ii) Let an isolated clique C = {v 1 , v 2 }. Now suppose S ∩ C ∅ and let v 1 ∈ R. Then it must be hold that deg(v 1 ) = 1 by the 'leaf constraint', i.e., deg(v) = 1 for v ∈ R. Since a node adjacent to v 1 is c, we have v 2 = c. On the other hand, suppose v 1 = c and v 2 R. If |R| > 1, since |E(C, V − C)| ≥ |R| (> 1), it contradicts the isolatedness of C. If |R| = 1, S ∪ {v 2 } would become a proper star, which contradicts the maximality of S as a proper star. Therefore, C ⊆ S holds. Now, by the fact that C ⊆ S and the isolatedness of C, it holds that |S | − |C| ≤ |E(C, V − C)| < |C|, which implies |S | < 2|C| = 4. We can see that this equality is satisfied only if |S | = 2, 3 (|S | ≥ 2).
As we saw in the propositions above, our definition of istars is given so that they become disjoint from both i-stars themselves and i-cliques except for few restricted cases. From a semantic point of view, this promises that all istars and i-cliques can simultaneously stand for independent communities or their cores on the Web.
· Enumeration of Isolated Stars
Once we have the definition of i-star and have shown that two i-stars never have an intersection except for the case that their sizes are both two, it is not so difficult to design an efficient algorithm for their enumeration. We now present such an algorithm as I STAR below.
let w be the unique vertex in N(v);
Proposition 1 ensures the following statement.
Theorem 1. Algorithm I STAR enumerates all the i-stars of a given undirected graph G = (V, E) in O(|V| + |E|) time.
Proof. In S1, the procedure scans all the vertices, and gives a flag "unchecked" to a vertex whose degree is 1, and "ignored" otherwise. This takes O(|V|) time. S2 picks up the vertices that have a flag "unchecked" in O(|V|) time, and S3 is performed only for those vertices. In S3, for every "unchecked" vertex v (i.e., unprocessed vertex of degree 1), it first identifies the unique neighbor w (center node) of v, and add all the vertices whose degree is 1 and are adjacent to w to the vertex set U. Since the added vertices of degree 1 (including v itself) is adjacent only to w, they are given flags "checked" and will never be processed. Furthermore, since any "unchecked" vertices never be selected as a center node more than once, S3 is done in O(|E|) throughout the procedure. In S4, it tests the isolatedness of the current vertex sets ({w}, U) as a proper star by an equality deg(w) < 2i which is equivalent to |E({w}, V − ({w} ∪ U)) < |U|. This takes O(1) for each candidate vertex set, which amounts O(|V|) throughout the algorithm. Finally, since any vertex belongs at most 2 different isolated stars according to Proposition 1, we take O(|V| + |E|) time for their output. Therefore, the total time complexity of this algorithm is O(|V| + |E|).
Investigating the Web Structure by Enumerating Isolated Stars
In the preceding chapters, we observed star-like structures in the undirected webgraph, gave them definition as i-stars, and presented a simple algorithm for their enumeration. A linear time algorithm for enumerating i-stars is expected to work in practice even for the entire webgraph. In fact, it could enumerate all the i-stars from our webgraph of approximately 0.1 billion nodes and 17 billion links in a practical time.
· 1 Summary of the Web Data and Experiments
Since i-stars are defined in undirected graphs, our experiments are executed on the undirected webgraph. Furthermore, since i-stars of size 2 simply imply mutual links between two pages, we neglect them as communities and focus only on i-stars of size ≥ 3 in the subsequent experiments. Fortunately, this assumption ensures that our experiments can find disjoint sets of nodes as candidates of communities or their cores, according to Proposition 1.
In Experiment 1, we select 32 domains from the Web as shown in Table 2 , and enumerate i-stars in the undirected webgraph of each domain. In Experiment 2, we enumerate all the i-stars from the undirected webgraph of the entire Web shown in Table 1 , and also observe the distribution of their sizes. Here, we classify those i-stars into two categories: intra-domain i-star whose nodes belong to a single domain, and inter-domain i-star whose nodes appear in multiple domains. We can expect that most of practical communities correspond to inter-domain set of pages [Asano et al. 03, Kumar et al. 99] . Then in Experiment 2, we select only inter-domain i-stars, and observe the meanings of their corresponding pages on the Web.
· 2 Experiment 1
Among 32 domains we examined (Table 2) , we focus on two domains www.gnu.org (the site of GNU Operating System) and www.keio.ac.jp (the site of Keio Univ., Japan) that remarkably showed common properties that many domains had. Figure 4 shows the distributions of i-star sizes. By observing the distributions of i-star sizes, there found 88 and 8 i-stars in domains www.gnu.org and www.keio.ac.jp, respectively. Among them, we could also find some extremely large i-stars such as sizes 2,446 and 73, in domains www.gnu.org and www.keio.ac.jp, respectively.
Here, we examine the i-star of size 33 in domain www. keio.ac.jp, as an example. Table 3 shows the URLs of the pages that constitute this i-star, and Figure 5 is the snapshot of the page corresponding to its center node. We confirmed that this i-star corresponds to a set of 'top news' pages of Keio University as we can see in Figure 5 and Table 3 . The center node of the i-star corresponds to a page that has a list of all the news contents with links to them, and we call such a page an index page. On the other hand, the satellite nodes correspond to pages of each news contents (content page), and they always had a backward link to the index page. This implies that there are bi-directional links between every content page and the index page, while there are no bi-directional links among content pages, and consequently they form a star, which is isolated in this case.
In addition to the above example, we verified all the istars of size ≥ 10 in both domains (16 and 5 i-stars in domains www.gnu.org and www.keio.ac.jp, respectively). The result showed that each of them corresponds to a set of pages consist of an index page and their content pages, and we name this kind of structure of pages an index structure. We could observe that all the i-stars of sizes ≥ 10 always formed index structures without any exceptions. 
· 3 Experiment 2
We enumerated all the i-stars in the undirected webgraph of the entire Web shown in Table 1 , and Figure 6 shows the distributions of i-star sizes. In this figure, 'all' represents all the i-stars (including both intra-and interdomain ones), and 'transversal' indicates inter-domain ones alone. Table 4 shows the number of enumerated i-stars classified by their sizes and by intra-/inter-categories.
At first, we can see that the sizes of both inter-domain and all of the i-stars in the undirected webgraph roughly show the power-law distributions. This is a quite interesting result in the sense that there is another index that shows power-law in a scale-free network. We insist that this kind of 'self-similarity' implies the true scale-freeness. We can also find some extremely large i-stars, such as size 9,624, and this is indeed a huge index structure in a single domain (www.shareit.com). In contrast, the largest size of inter-domain i-star was 340.
We next verify from Table 4 that the ratio of inter-domain i-stars is approximately 0.13% of all the i-stars, which is a quite small part of all. This tells, together with the results of Experiment 1, that i-stars seem to be corresponding to index structures and are essentially inherent in single domains. However, inter-domain i-stars are expected to have different meanings from the ones that intra-domain i-stars have. Therefore, we then investigate the meanings of the pages corresponding to all of 115 inter-domain i-stars of sizes ≥ 3 lying over more than 2 domains. As a result, we observed that they are classified into the following two categories: 1. an index structure (over multiple domains), 2. a set of pages that have common interests in a specific topic, that is, a candidate of communities. In Category 1, it was often the case that a single index locates each of their contents on different domains. On the other hand, in Category 2, satellite nodes of an i-star correspond to a set of top pages of some sites that share a certain topic in common, and these may be regarded as communities on the Web. Table 5 shows an example of a set of pages of an inter-domain i-star of Category 2.
· Discussions
We verified through Experiments 1 and 2 that i-stars can find some candidates of communities which mainly lie over multiple domains. On the other hand, as it is widely known, we also notice that most of the i-stars correspond to index structures in single domains, which can be viewed as site navigations or nepotistic cores [Asano et al. 03, Kumar et al. 99] . Therefore, these index structures, especially their satellite pages, are considered to be useless for structure mining. Rather, we should neglect index structures for further structure mining once they are found. From this point of view, we here propose the (intradomain) i-star contracted webgraph. (Here, a contraction is a graph operation to replace a specified set of nodes by a single node by keeping the adjacency.) Remember, in preparing the i-star contracted webgraph, that Proposition 1 guarantees that i-stars of sizes greater than 2 can always be contracted in any order since they are disjoint.
In fact, the number of satellite nodes of i-stars of sizes ≥ 3 in the webgraph in Table 1 is 11,967,237, and therefore, if we construct the i-star contracted webgraph, the number of nodes would become 83,854,680, which is approximately 87.5% of the original one. This observation seems quite suggestive in the sense that our results not only propose a candidate structure for web mining but provide a powerful tool for preprocessing the webgraph for further utilization for web mining. We can expect to find in the i-star contracted webgraph further hidden informa-tion more efficiently that cannot be mined in the original webgraph, or we can at least say that i-star contracted webgraph can make the webgraph more tractable in its size without losing important information on the Web. Indeed, the effectiveness of contractions of these redundant structures is now being verified by ongoing experiments [Uno et al. 09] . We also insist this preprocess can give a compact representation of the webgraph which leads to a technique for compressing the webgraph [Raghavan et al. 03] .
Conclusion
In this paper, we gave a precise and convenient definition of a graph substructure that frequently observed in the real webgarph, and we call it an i-star. Although the definition of i-star is quite simple, we make it have good properties so that we can design an efficient enumeration algorithm due to its simplicity. As a result, we had a lot of useful observations by enumerating i-stars from the webgraph, one of which was another scale-freeness of the webgraph. As for structure mining, we confirmed that our approach was not only successful for finding candidates of communities but can be useful for preprocessing to have succinct representation of the webgraph, and we believe that our approach can also be applied for detecting and removing link spams [Uno et al. 07, Wu et al. 05] . We mention that it is quite important to carry out there experiments on some other set of web data to verify the effectiveness of our approach. It is also important to identify other characteristic substructures on the recent Web, representing such as blogs, SNS, link spams, and so on, for further effective structure mining.
